We obtain the excitation spectra of the following three generalized Bose-Hubbard (BH) models:
I. INTRODUCTION
Cold-atom systems, such as spin-polarized 87 Rb in traps, have provided us excellent laboratories for studies of quantum phase transitions [1, 2] . One example of such a transition is the superfluid (SF) to bosonic Mott-insulator (MI) transition [3, 4] . This SF-MI transition, first predicted by mean-field studies [5, 6] and later investigated in Monte-Carlo simulations [7] of the Bose-Hubbard (BH) model, has been obtained in experiments in systems of interacting bosons in optical lattices [1, 3, 4] .
Experimental realizations have also been found for generalized BH models. For instance, recent experiments [8] [9] [10] [11] [12] on a degenerate mixture of two types of bosons, namely, 87 Rb and 41 K, in a three-dimensional optical lattice, have yielded a laboratory realization of a BH model with two species of interacting bosons, which has been studied theoretically [13] [14] [15] [16] [17] [18] [19] and by Monte Carlo simulations [20] . Systems of cold alkali atoms, with nuclear spin mentioned above. There have been a few studies of excitation spectra in some of the phases of these models; not all of them are formulated in the way we describe here. We discuss the relation of our work with other studies in the last Section of this paper.
In addition to providing a unified treatment of RPA excitation spectra for the three BH models above, our study yields several interesting results, which we summarize below, before we proceed to the details of our work. Our RPA yields excitation spectra, which have gaps in all the MI phases, in all these BH models, and gaps in the DW phases in the EBH model. These spectra are gapless in all the SF phases in these models and in the SS phases in the EBH model. We obtain the dependence of (a) gaps ∆ and (b) the sound velocity u s on the parameters of these models. In particular, we examine ∆ and u s as these systems go through phase transitions. We find, e.g., that, at the SF-MI transitions in the spin-1 BH model, u s goes to zero continuously (discontinuously) for MI phases with an odd (even) number of bosons per site; this is consistent with the natures of these transition (continuous or discontinuous) in the mean-field theory for the spin-1 BH model [24] . In the SF phases of these models, our excitation spectra agree qualitatively, at weak couplings, with those that can be obtained from Gross-Pitaevskii-type models. For example, our excitation spectra are qualitatively similar to those obtained for ferromagnetic and polar superfluids in [22] , which uses a spin-1 generalization of the Gross-Pitaevskii equation.
The remaining part of this paper is organized as follows. In Sec. II we define the models we study, give the elements of the mean-field theory that we use to obtain the phases of these models, and then show how to develop, and then close at the level of the RPA, the equations of motion for the Green functions for all these models. In Sec. III we present our plots of RPA excitation spectra for representative parameter values in these BH models. The concluding Section contains a discussion of our results and a comparison of these with earlier studies of such excitation spectra.
II. MODELS, MEAN-FIELD THEORY, AND THE RANDOM-PHASE APPROXIMATION
In the first subsection II A below we define the BH model with two species of bosons, the spin-1 BH model, and the EBH model. The next subsection II B outlines our mean-field theories for these models, principally to establish notations that are required for the development of the RPA, which we present in the last subsection II C. Details of our mean-field theories have been discussed in [6, 18, 19] . (1) the first and second terms represent, respectively, the hopping of bosons of types a and b between the nearestneighbor pairs of sites < i, j >, with hopping amplitudes t a and t b ; here a † i , a i , andn ai ≡ a † i a i and b † i , b i , and n bi ≡ b † i b i are, respectively, boson creation, annihilation, and number operators at the sites i of a d-dimensional hypercubic lattice (we present excitation spectra for d = 2) for the two bosonic species. For simplicity, we restrict ourselves to the case t a = t b = t, and, to set the scale of energy, we use zt = 1, where z = 2d is the nearest-neighbor coordination number. The third and fourth terms account for the onsite interactions of bosons of a given type, with energies U a and U b , respectively, whereas the fifth term, with energy U ab , arises because of the onsite interactions between bosons of types a and b. We have two chemical-potential terms, µ a and µ b , which control, respectively, the total number of bosons of species a and b.
We also study the following spin-1 BH Hamiltonian [24] on a d−dimensional hypercubic lattice with sites i:
where spin-1 bosons hop between the nearest-neighbor pairs of sites < i, j > with amplitude t, the spin index σ can be 1, 0, −1, a † i,σ and a i,σ are, respectively, siteand spin-dependent boson creation and annihilation operators, and the number operatorn iσ ≡ a † i,σ a i,σ ; the total number operator at site i isn i ≡ σn i,σ , and (2) includes, in addition to the onsite repulsion U 0 , an energy U 2 , for nonzero spin configurations on a site, which arises from the difference between the scattering lengths for S = 0 and S = 2 channels [33] . The chemical potential µ controls the total number of bosons.
The Hamiltonian for the EBH model is
where t is the amplitude for a boson to hop from site i to its nearest-neighbor site j, z is the nearest-neighbor coordination number, < i, j > are nearest-neighbor pairs of sites, h.c. denotes the Hermitian conjugate, a † i , a i , andn i ≡ a † i a i are, respectively, boson creation, annihilation, and number operators at the site i, the repulsive potential between bosons on the same site is U , the chemical potential µ controls the total number of bosons, and V is the repulsive interaction between bosons on nearest-neighbor sites.
To make a detailed comparison of our results with experiments, the parameters of the BH models must be related to experimental ones [1] . For the simple BH model this is done as follows:
, where E r is the recoil energy, V 0 the strength of the lattice potential, a s (= 5.45 nm for 87 Rb) the s-wave scattering coefficient, a = λ/2 the optical-lattice constant, and λ = 825 nm the wavelength of the laser used to create the optical-lattice; typically 0 ≤ V 0 ≤ 22E r . If we use this experimental parametrization, we scale all the energies by E r . (In this paper, we set zt = 1, i.e., we measure all energies in units of zt.)
A two-species BH model, has been realized in an optical lattice by using elliptically polarized light. By changing the polarization angle it is possible to shift the lattices with respect to each other, and, thereby, control the interactions between the two species of bosons and also their hopping amplitudes (see Refs. [30] [31] [32] for details).
The spin-dependent term in the spin-1 BH model follows from the difference between the scattering lengths a 0 and a 2 , for S = 0 and S = 2 channels [33] , respectively. These lengths yield U 0 = 4π 2 (a 0 + 2a 2 )/3M and U 2 = 4π 2 (a 2 − a 0 )/3M , where M is the mass of the atom [22] . If we consider 23 Na, a 2 = 54.7a B and a 0 = 49.4a B , where a B is the Bohr radius, so U 2 > 0; in contrast, for 87 Rb, a 2 = (107 ± 4)a B and a 0 = (110 ± 4)a B , so U 2 can be negative.
For the EBH case, the relation of our parameters to those in dipolar bose systems [25, 26] is not straightforward because of long-range interactions, but we can use the following estimates:
where i and j are nearest-neighbor sites, w are Wannier functions, and V l (r) = α=x,y,z V 2 α cos 2 (k α α) is the optical-lattice potential with wavevector k. Furthermore,
and
with
where D is the dipole moment, a s is the s-wave scattering constant, and M is the mass of the atom. The s-wave scattering constant of Chromium is |a( 52 Cr)| = (170 ± 39)a 0 and |a( 50 Cr)| = (40 ± 15)a 0 , where a 0 = 0.053 nm [34] .
B. Mean-field theory
We use a homogeneous mean-field theory for these models because we do not include a quadratic confining potential. (With such a potential, we must use an inhomogeneous version of this mean-field theory [18, 19] .) Conventional mean-field theories introduce a decoupling approximation that reduces a model with interacting bosons or fermions to an effective, noninteracting problem, which can be solved easily because the effective Hamiltonian is quadratic in boson or fermion operators. By contrast, the mean-field theories of [6, 18, 19] decouple the hopping terms, in the BH models defined above; these hopping terms are quadratic in boson operators, so, after this decoupling, we obtain effective, one-site Hamiltonians, which can be diagonalized numerically.
For the two-species BH model Eq.(1), our mean-field theory [19] obtains an effective, one-site problem by decoupling the two hopping terms as follows: the superfluid order parameters for the site i for bosons of types a and b are ψ ai ≡ a i and ψ bi ≡ b i , respectively. The approximation Eq.(8) can now be used to write the Hamiltonian (1) as a sum over single-site, meanfield Hamiltonians H MF i that are given below:
Here, φ ai ≡ 1 z δ ψ ai+δ and φ bi ≡ 1 z δ ψ bi+δ , where δ labels the nearest neighbors of the site i. For the homogeneous case, the onsite chemical potentials are µ a and µ b , for all i, so ρ ai = ρ a , ρ bi = ρ b , ψ ai = ψ a , and ψ bi = ψ b are independent of i.
The mean-field theory for the spin-1 BH model follows along similar lines [24] :
(10) nearest neighbors of the site i. We can have density-wave (DW) and supersolid (SS) phases, so our order parameters should allow for such phases. In the hypercubic lattices we consider, there are two sublattices A and B. Each site on the A (B) sublattice has z nearest neighbors, each one of which belongs to the B (A) sublattice; thus,
The chemical potentials, which are conjugate to ρ A and ρ B , respectively, are µ A , if i ∈ A, and µ B , if i ∈ B; similarly, we can define creation, annihilation, and number operators for each sublattice. The mean-field Hamiltonian (14) can now be written as
where
C. Random-Phase Approximation (RPA) Excitation Spectra
We now present a systematic method for developing the RPA for generalized BH models of the types discussed above. Our RPA is based on that of Ref. [6] , for the simple BH model, which is in turn a generalization of the work of Ref. [35] for the spin model. Such RPA calculations use the mean-field order parameters defined above and the eigenstates of our mean-field Hamiltonians of Eqs. (9), (11) , and (15) .
We begin by defining the projection operators [35] 
where i is the site index and |iα are the eigenstates of the mean-field Hamiltonian. Any single-site operatorÔ can be expressed asÔ ≡
In the next three subsections, we obtain, explicitly, the equations of motion for the Green functions for the three generalized BH models we consider and show how to close them in the RPA (see the Appendix for details).
RPA Excitation Spectra for the two-species BH model

If we useÔ
In the RPA, averages of products of operators are replaced by products of their averages (at finite temperature we have thermal averages, but we restrict ourselves to zero temperature here), so the equations of motion for the Green functions, for this BH model with two species of bosons, namely, (21) become, after Fourier transforms over space and time, the following linear equations, which can be inverted easily:
we have suppressed the site indices i, as we are using the homogeneous mean-field theory) and ω α = V αα + β T αα,ββ (q = 0) L ββ , and ω and q are, respectively, the frequency and the wave vector. The propagator
for the j th site to flip between states β and β ′ at t ′ given that the i th site has flipped between states α and α ′ at t; and L αα represents the probability that the site is in the state α (we have suppressed site indices). The poles of these Green functions give the different branches of the excitation spectra in the RPA for different phases in the BH model with two species of bosons.
RPA Excitation Spectra for the Spin-1 BH Model
To obtain the RPA excitation spectrum for the spin-1 BH model we useÔ
wheren
with F σ,σ ′ standard spin-1 matrices, and |iα are the mean-field eigenstates.
Again, by replacing averages of products of operators by products of their averages, we obtain the Green functions, for this spin-1 BH model, namely,
and the RPA equation for its Fourier transforms:
The poles of these Greens functions give the different branches of the excitation spectra in the RPA for different phases in the spin-1 BH model.
RPA Excitation Spectrum for the Extended Bose-Hubbard Model
To obtain the RPA excitation spectrum for the EBH model, we write Eq. (3) as (see the Appendix)
The Green functions, for this EBH model, with the two sublattices A and B, are
In the RPA, the equations of motion for its Fourier transforms are
The poles of these Green functions give the different branches of the RPA excitation spectra for the different phases of the EBH model. For each value of the frequency ω and the wave vector q, we obtain the eigenvalues of a (2N s − 1) × (2N s − 1) matrix that multiplies the Green function, where N s is the dimension of the number-state basis that we use [6, 36, 37] . Thus, we obtain the RPA excitation spectra for these generalized BH models.
III. RESULTS
We present, in the next three subsections, representative results from our calculations of the RPA excitation spectra for the phases of the BH model with two species of bosons, the spin-1 BH model, and the EBH model. In all our plots, we assume that our BH models are defined on a simple square lattice, and the wave vector moves along certain high-symmetry directions in the reciprocal lattice of the simple square lattice (see, e.g., Ref. [38] ), in particular, from Γ (q x = 0, q y = 0) to X (q x = π, q y = 0), from X to T (q x = π, q y = π), and then back from T to Γ. (Color online) Plots of the excitation energy ω(q) versus the wave number q (from Γ to X, then X to T , and finally T to Γ, for a simple square lattice [38] ) for the BH model with two species of bosons. These plots show representative excitation spectra in the MI phases. (a) Total density ρ versus µa for Ua = 11, U b = 0.9Ua, µa = µ b and U ab = 0.6Ua. The vertical lines in the Mott plateaux represent the µa values for which the excitation spectra were obtained for (b) ρ = 1, (c) ρ = 2, and (d) ρ = 3, with all other parameters the same in all cases. For the MI phase with ρ = 1, the excitation spectra consist of one-hole and three-particle excitations. In contrast, there are two-hole and particle excitations for ρ = 2 and 3. For the parameters chosen here, the lowest-energy excitation is degenerate for ρ = 2.
A. RPA Excitation Spectra for the Bose-Hubbard
Model with two species of bosons
The results of our RPA calculations for excitation spectra in the two-species BH model are shown by the representative plots in Figs.1 -4 . First we consider the excitation spectra in the MI phases, with total density of bosons ρ = ρ a + ρ b = 1, 2 and 3, respectively, in Figs. 1 (b)-(d). We also plot ρ versus µ a for U a = 11, U b = 0.9U a , U ab = 0.6U a and µ b = µ a in Fig. 1(a) and mark, with vertical lines, the µ a values for which the spectra was obtained in Figs. 1 (b)-(d) . The excitation spectra in the MI phase with ρ = 1, given in Fig. 1(b) , show four excitations, one of which is a hole excitation and the rest are particle excitations (see Eq. (B12) from Appendix for details). However, for ρ = 2 and ρ = 3, the spectra, plotted, respectively, in Figs. 1 (c) and (d), show four branches; these correspond to two-hole and two-particle excitations, which are the solutions of Eqs. B10 and B11. For ρ = 2, two excitations are almost degenerate for the parameters we have considered. In all these cases we also obtain dispersionless modes, which are independent of q modes; we described these in the Appendix so we do not show them here. The excitation spectra for the case where both a-type and b-type bosons are in the SF phase are given in the Fig. 2(a) which show two gapless excitations; linear in wave number near the point Γ and excitations which have finite gap at the point Γ. Similarly, the excitation spectra for the case where only b-type bosons are in the SF phase and a-type bosons are in the MI phase are given in Fig.  2(b) ; we see only one gapless excitation corresponding to the SF phase of b-type bosons; and all the other branches of the excitation spectra have finite gaps at the point Γ.
We also show some of the dispersionless spectra.
In Fig. 3 (a) , we present plots versus µ a = µ b of ρ a (red curve) and ρ b (black curve), for bosons of types a and b, for U a = 8, U b = 0.9U a , µ a = µ b and U ab = 0.2U a , with plateaux at ρ a = 1 and/or ρ b = 1. In a gapless, SF phase, the speed of sound u s follows [6] from the slope of the excitation spectrum near the point Γ. In Fig. 3 (b) , we show how the speed of sound u s behaves, for compo- nents a (red dashed line) and b (black dashed line with triangles), as functions of µ a , for the same parameters as in Fig. 3 (a) ; as we expect, u s is zero in the MI phases and positive in the SF phases. From the excitation spectra we can obtain the gap ∆ at the point Γ. In Fig. 3 (c) , we show plots of ∆ versus µ a for the same parameters as in Figs. 3 (a) and (b) ; as we expect, ∆ is zero in the SF phases (for bosons of types a and b) and finite in the MI phases. In the inset of Fig.  3 (c) we shows that ∆ approaches zero as (U − U c ) 1/2 , where U c is the critical value of U at which the MI-SF transitions occur at these parameter values.
We now consider the first few low-energy excitation spectra in the SF phase; we hold ρ = 0.75, but vary the U ab in Figs. 4 (a)-(c) . In all these figures U a = 9, U b = 0.9U a and µ a = µ b . In Fig. 4 (a) , U ab /U a = 0, we see that the gapless mode is almost degenerate; and the next branch in the excitation spectrum is dispersionless; we do not show high-energy spectra here. As we increase U ab /U a , Fig. 4 (b) for U ab /U a = 0.2 and Fig.  4 (c) for U ab /U a = 0.4, the degeneracy of the gapless excitation spectrum is lifted and the spectra move away from each other. The non-dispersive mode now shows dispersion and moves to higher energies. In Fig. 4 (d) , we illustrate the excitation spectra for U ab /U a < 0; we see again that the gapless modes move away from each other; and we observe that the excitation frequencies of other modes are different compared to their values for U ab /U a > 0. Our results are qualitatively similar to those of the Gutzwiller-based, excitation-spectrum study of Ref. [17] , which presents k x = k y scans through the reciprocal lattice of a two-dimensional square lattice. We now give representative plots of our RPA excitation spectra for the spin-1 BH model, in Figs. 5 (a)-(c) for U 2 /U 0 = 0, U 2 /U 0 = 0.03, and U 2 /U 0 = −0.03, which yield, respectively, a pure SF with no spin interactions, a polar SF, and a ferromagnetic SF for the parameter values given in the figure caption [24] . The excitation spectra are qualitatively different in these three cases. In the SF (Fig. 5 (a) ) phase there are two gapless, degenerate modes, shown in black, whose frequencies approach zero quadratically at small wave numbers q (near Γ); there is another mode, shown in red, whose energy goes to zero linearly at small q. All the other excitations spectra have finite gap at Γ; some of these spectra are degenerate and some are q independent; e.g., the spectra shown in green, blue, and maroon are q independent and have degeneracies 3, 4, and 8, respectively. The branch shown in navy blue is weakly q dependent and is doubly degenerate. These degeneracies are partially lifted when U 2 is finite. In the polar SF (Fig. 5 (b) ), the lowest modes, shown in black, are doubly degenerate and have a quadratic dependence on q as in the case of a pure SF. However, the next branch, which displays a linear dependence on q near the Γ point, as in the case of a pure SF, becomes approximately dispersionless at higher value of q, and avoids level crossing with the branch shown in green (these acquire a q dependence). Note that this spectrum, dispersionless and with a triple degeneracy in the pure SF case, has its degeneracy lifted partially: the spectrum shown in navy blue is non-degenerate and the one shown in blue is doubly degenerate; we obtain similar behaviors in higher-energy excitation spectra. In the ferromagnetic SF (Fig. 5 (c) ), we see clearly the splitting of the degenerate modes, which now have a gap and then a quadratic dependence on q near Γ; the red curve indicates the gapless mode, which approaches Γ linearly. The degeneracies of higher modes are also lifted in this case. The qualitative features of these spectra agree with those found for the various SF phases in the spin-1, GrossPitaevskii study of Ref. [22] . We present excitation spectra in the MI1 and MI2 phases in Figs. 6 and 7, respectively. Here, MI1 and 
FIG. 6. (Color online) Plots of the excitation frequency ω(q)
versus the wave number q for the spin-1 BH model in the MI1 phase with ρ = 1: (a) U0 = 10, µ = 2.5 and U2/U0 = 0.03 and (b) U0 = 10, µ = 2.5 and U2/U0 = −0.03. The MI1 ground state is degenerate; and these excited states do not couple to the ground state through particle or hole excitations; this gives the the dispersionless mode at ω(q) = 0. The mode shown in red is a hole excitation; all the higher-energy modes shown are particle excitations.
MI2 denote, respectively, Mott phases with one and two bosons per site. For MI1, we obtain qualitatively similar excitation spectra for U 2 /U 0 > 0 (Figs. 6(a)) and U 2 /U 0 < 0 (Figs. 6(b) ). For U 2 /U 0 > 0, the ground state for MI1 is triply degenerate (Appendix); these degenerate states do not couple to each other through the creation of a particle or hole. Thus, the lowest excitation, ω(q) = 0, represented in black in Fig. 6(a) , is doubly degenerate and dispersionless. The non-degenerate hole excitation is shown in red. The excitations, above the hole excitation, are six-particle excitations, two of which are dispersionless and degenerate. We find similar excitation spectra for U 2 /U 0 < 0 (Figs. 6(b) ). For MI2, we obtain qualitatively different excitation spectra for U 2 /U 0 > 0 (Figs. 7(a) ) and U 2 /U 0 < 0 (Figs. 7(b) ). For U 2 /U 0 > 0, the MI2 ground state is non-degenerate (Appendix) because of the formation of a singlet, so there is no dispersionless mode with ω(q) = 0. The first excited state of our MFT hamiltonian (Eq. 11) has five-fold degeneracy; and the ground state does not couple to these states via particle or hole excitations. This gives us the dispersionless mode (black line). The dispersive mode with the lowest energy comprises hole excitations (red curves); this mode is triply degenerate. The particle excitations are also dispersive (green curve, degeneracy 3), except for the one shown in blue (degeneracy 6). Higher-energy excitations are multi-particle-hole excitations and are dispersionless; we do not show these here.
In Fig. 8 we plot the sound speed u s versus U 0 in the vicinity of the polar-SF-MI2 transition for µ = 10 and U 2 /U 0 = 0.03, with (ρ = 2); u s jumps to zero at this first-order transition; by contrast, (see inset for µ = 5 and U 2 /U 0 = 0.03) u s goes to zero continuously at the phase-SF-MI1 transition. The natures of these transitions are consistent with the predictions of the mean-field theory [24] on which we base our RPA study.
We do not investigate magnetic ordering and magnetic excitations in the MI phase of the spin-1 model because, as has been noted earlier, our mean-field theory does not allow for any magnetic structure in the MI phase in this model [24] .
C. RPA Excitation Spectra for the Extended Bose-Hubbard model
We now show representative RPA excitation spectra in Figs. 9 (a), (b) , (c), (d), and (e) for SF, DW 3/2 (see Ref. [18] ), SS , MI1, and DW 1/2 phases for V = 0.6U and (a) U = 6, µ = 11.3, (b) U = 10, µ = 19, (c) U = 8.3, µ = 15.4, (d) U = 12, µ = 10, and (e) U = 12, µ = 5. By the symbol DW n/m, we mean a densitywave phase with n bosons per site and m sites per unit cell. From these excitation spectra we obtain u s , whose dependence on U is shown in Fig. 9 (f) , as the system moves from the SF to the SS phase and then to the DW 3/2 phase, for V = 0.6U , and ρ total = 3; the sharp drop in u s at the SS-DW 3/2 boundary indicates a first-order transition; the inset shows that u s ∼ √ U in the small-U regime in the SF phase.
The RPA excitation spectra have a gap at the Γ point when the system is in the DW 3/2 phase and this gap ∆ goes to zero as the system approaches the SS phase. In Fig. 10 (a) we plot ∆ versus U as the system goes from the DW to the SS phase. Figure 10 (b) show analogous plots for the SF-MI transition. The behaviors of this gap are what we expect on general grounds, i.e., it jumps discontinuosly to zero at the DW 3/2 to SS transition, but it goes to zero continuously, as ∆ ∼ (U − U c ) 1/2 , at the MI1 to SF transition at the critical value U c . This exponent of 1/2 is a mean-field exponent, which should be modified by fluctuations (this MI1-SF transition lies in the d-dimensional XY universality class).
IV. CONCLUSIONS
We have obtained representative excitation spectra in all phases of three generalized Bose-Hubbard (BH) models, namely, (1) a two-species generalization of the spinless BH model, (2) a spin-1 BH model, and (3) the extended Bose-Hubbard model (EBH) for spinless interacting bosons of one species. Our study uses the random phase approximation (RPA), which it develops, in a unified way, by starting from mean-field theories of the type that we have discussed in Ref. [24] . Thus, it generalizes the RPA studies initiated in Ref. [6] for the simple BH model and continued, e.g., in Refs. [36, 37, 39] .
Our study yields a variety of interesting results that we have described in detail in the previous Section. In We show the excitation spectra in the SF, DW3/2, SS, MI1, and DW1/2 phases, respectively. In (f) V = 0.6U, ρ total = 3; and we show the dependence of us on U as the system goes from the SF to the SS and then to the DW3/2 phase; the last transition is clearly first order; the inset shows the us ∼ √ U behavior at low U in the SF phase. particular, our RPA excitation spectra show clear gaps in MI phases, in all the models above, in the DW phases in the EBH model, and gapless spectra in all SF phases and the SS phase in the EBH model. From these spectra we have obtained the dependence of (a) gaps ∆ and (b) the sound velocity u s on the parameters of these models. We have also investigated the behaviors of ∆ and u s as these systems go through phase transitions. We find that, at the polar SF-MI transitions in the spin-1 BH model, u s goes to zero continuously (discontinuously) for MI phases with an odd (even) number of bosons per site; this is consistent with the natures of these transition (continuous or discontinuous) in the mean-field theory for the spin-1 BH model [24] .
In the SF phases of these models, our excitation spectra agree qualitatively, at weak couplings, with those that can be obtained from Gross-Pitaevskii-type models. For example, our RPA excitation spectra are qualitatively similar to those obtained for ferromagnetic and polar superfluids in [22] , which uses a spin-1 generalization of the Gross-Pitaevskii equation. Excitation spectra, at the level of the RPA, can also be obtained by starting with a Gutzwiller-type meanfield theory. Such studies, carried out, e.g., for two-boson BH models, the spin-1 BH models, and the EBH model, should be formally equivalent to our RPA study; however, we are not aware of any study that has shown this in complete detail. We do not know of one, unified treatment of Gutzwiller-type RPA, like our unified RPA study for these three models, so a direct comparison of our results with these Gutzwiller-type studies is not completely straightforward. Reference [40] has evaluated the excitation spectrum of spin-1 bosonic atoms in a Mott-insulator phase. Hou, et al. have investigated the quantum phase transition of spin-2 cold bosons in an optical lattice with and without an external magnetic field, [41] ; they also obtain Gutzwiller-type RPA excitation spectra. Previous studies have analyzed excitation spectra in the two-species BH model. In the MI phase, the lowest two branches of the excitation spectrum have gaps; and they correspond to the particle-and hole-excitation modes [36, [42] [43] [44] . In the SF phase, the excitation spectrum has one gapless mode and one mode with a gap [45] [46] [47] [48] [49] ; the gapless mode arises because of oscillations of the phase of the SF order parameter (this is the Bogoliubov mode); the lowest mode with the gap arises because of the amplitude mode in the vicinity of the SF-MI transition at integer fillings; this amplitude mode becomes gapless at the critical point. Our study explores the dependence of the excitation spectra on model parameters in far greater detail than earlier studies.
Furthermore, the RPA method can be used to obtain the complete ω and q dependence of the Green function as noted, e.g., in Refs. [36, 37] for the simple, spinless BH model. From this, various properties can be calculated, e.g., the momentum distribution function; the latter has been obtained in the RPA in [39] for the EBH model. We give a brief description of such Green-function studies in the Appendix and their generalzations for the three models we consider here.
Excitation spectra have been measured experimentally by Bragg-spectroscopy [50] [51] [52] [53] [54] [55] [56] and lattice-amplitudemodulation [57] [58] [59] methods; and these measurements have been used to characterize SF and MI phases and the transition between them. We hope our work will lead to experimental measurements of the spectra of elementary excitations in the different phases in the physical realizations of the generalized BH models we have discussed above. Momentum-distribution functions can be calculated, at the RPA level, from the Green functions that we have obtained. The calculation is especially simple in a Mott phase, as illustrated, e.g., in Ref. [39] . Such momentum-distribution functions can be compared with those that are measured experimentally as discussed, e.g., in Refs. [1, 39] . The studies of Refs. [37, 39] also mention some of the limitations of the RPA in the context of the BH model; e.g., Ref. [37] notes that this type of of RPA, when applied to the simple BH model, yields a violation of the total density sum rule.
Excitation spectra can also be measured by Quantum Monte Carlo (QMC) simulation as shown for the simple BH model in Ref. [7] and a continuation model in Ref. [62] . We hope our study will lead to QMC studies of the excitation spectral of the generalized BH models we have discussed here.
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Appendix A: The Random-Phase Approximation.
We illustrate below how we obtain the RPA equations for the Green functions for our Bose-Hubbard (BH) models of Eqs. (1), (2), and (3), respectively.
The RPA equation of motion, for any of these BH models use the operators
αα ′ , so the Hamiltonian for these BH models can be written as
where the superscript m = 1, is for two species of bosons, m = 2 is for the spin-1 BH model, and m = 3 is for the EBH model.
The propagator G ij,m αα ′ ,ββ ′ (t, t ′ ), is the amplitude for the j th site to flip between the states β and β ′ at t ′ , given that the i th site has flipped between states α and α ′ at t. We have
The equation of motion for this Green function, with t ′ = 0, is calculated as follows:
we have set = 1, and we obtain the second term on the right-hand side of Eq. (A9)
By using Eq. (A1) in the above equation, substituting it in Eq. (A9) and carrying out the RPA, where we replace thermal averages of products of operators by the products of their thermal averages, to obtain
Fourier transformation over space and time for m = 1 and m = 2 now yields
and, for m = 3 with a bipartite hypercubic lattice, with two sublattices A and B, we get
, and ω and q are, respectively, the frequency and wave vector of the excitation. The poles of these Green functions give the different branches of the excitation spectrum in the RPA.
We can relate the Green functions calculated above to the single-particle Green function g i,j (t) = −iθ(t) [â i (t),â † j ] . We first illustrate this for the simple BH model by following the treatment of Ref. [61] . We define the single-particle Green functions
are independent of the position i. It is easy to show that equation of motion for the green functions g 1 (q, ω) and g 2 (q, ω) can be written as
|0 represents the ground state and the summation is over all the excited states α.
We give below the analogs of Eqs.(A18)-(A19) for the BH model with two species of bosons in Eqs.(A22) and (A23) and for the spin-1 BH model in Eq.(A24). For atype bosons, we define the single-particle Green functions
where the superscripts M and N can be a or b, for the two-species BH model, or σ and σ ′ for the spin-1 BH model. For the two-species BH model, the equation of motion for the Green functions g MN 1 (q, ω) and g MN 2 (q, ω) can be written as
For the spin-1 BH model we have:
Finally we can write
for the Green function (we have suppressed the site index i)
Let us obtain the Green function for the ground state with density of bosons equal to ρ, G αα ′ ,α ′ α (q, ω) ≡ G nn+1,n+1n (q, ω) with |α = |n = ρ and |α ′ = |n + 1 . The hopping matrix in Eq. (B1) is given by
Since |α = |n = ρ and |α ′ = |n + 1 , the nonzero term in the above equation have |µ = |n , |ν = |n + 1 or |µ = |n − 1 , |ν = |n . Thus the RPA equation for the Green function G n n+1,n+1 n (q, ω) is
Similarly the RPA equation for the Green function
For the MI phase, ω n = µn − U 2 n(n − 1), so by solving the coupled Eqs. (B3) and (B4) we obtain the following excitation spectra for the MI phase with density equal to ρ:
here the plus (minus) sign corresponds to the particle (hole) excitation. The MI phases can also display dispersionless excitation spectra; we illustrate this by evaluating the Green function G αα ′ ,α ′ α (q, ω) ≡ G n n+2,n+2 n (q, ω) with |α = |n = ρ and |α ′ = |n + 2 . It is easily seen from Eq. (B2) that, for these values of α and α ′ , T αα ′ ,νµ (q) = 0 for all values of µ and ν. Thus the RPA equation for G n n+2,n+2 n (q, ω) is given by
This equation gives q-independent excitation spectra ω = ω n − ω n+2 , i.e., multi-particle (or multi-hole) excitation spectra can be dispersionless. For the BH model with two-species of bosons, the eigenstates of the mean-field Hamiltonian for the MI phase, with even total density of bosons ρ = n a + n b are given by
To obtain the particle(hole) excitation for the a-type bosons in the MI phase with density of bosons for a-type and b-type, respectively, equal to ρ a and ρ b , we calculate the Green function G αα ′ ,α ′ α (q, ω) ≡ G a nana+1 (q, ω) with |α = |n a = ρ a n b = ρ b and |α ′ = |n a + 1 n b using the Eq. (22) . In this case, the hopping matrix element T αα ′ ,νµ (q) given by Eq. (20) is non-zero if {|µ , |ν } equal to {|n a n b , |n a + 1 n b } or {|n a − 1 n b , |n a n b }. Therefore, the RPA equation for G a na na+1 (q, ω) is given by
where the Green function G a na−1 na (q, ω) ≡ G αα ′ ,β ′ β (q, ω) with |α = |n a − 1 n b , |α ′ = |n a n b , |β = |n a + 1 n b and |β ′ = |n a n b and its RPA equation is given by −ǫ q n a (n a + 1)G a na na+1 (q, ω) +[ω − ω na−1 n b + ω na n b − n a ǫ q ]G a na−1 na (q, ω) = 0.
Here ω nan b = µ a n a − 2 n b (n b − 1) − U ab n a n b . By solving coupled Eqs. (B8) and (B9) we obtain the excitation spectra for the MI phase with the densities of a-type and b-type bosons, respectively, equal to ρ a and ρ b :
where the plus (minus) sign corresponds to the particle (hole) excitation. This expression has been obtained earlier by using Gutzwiller approximation [17] . In the limit U ab = 0, this expression matches with that for BH model (Eq. (B5)). Similarly, for the particle (hole) excitations for b-type particles we obtain
For the MI phase with total density of bosons ρ = 1, the first few eigenstates of the mean-field Hamiltonian are given by |α 0 = C 1 |1 0 + C 2 |0 1 , |α 1 = C 2 |1 0 − C 1 |0 1 , |α 2 = |0 0 , |α 3 = |1 1 , |α 4 = D 1 |2 0 + D 2 |0 2 , and |α 5 = D 2 |2 0 − D 1 |0 2 . Here C 1 , C 2 , D 1 , and D 2 depend on the values of U a , U b and U ab . The ground state |α 0 couples to mean-field eigenstates (i) |α 2 via the annihilation of a-type or b-type bosons (ii) |α 3 , |α 4 and |α 5 via the creation of a-type or b-type bosons. Starting with the Green function G α0α2,α2α0 the coupled RPA equations can be written in a matrix form given by     
where ∆ω αi,αj = ω αi − ω αj and T q αiαj ,αj α1 = T αiαj ,αj α1 (q). Solutions of this equation give one-hole and three-particle excitation spectra.
The excitation spectra of the MI phase of the spin-1 BH model can also be obtained in a similar manner. The eigenstates of the mean-field Hamiltonian for the MI phase with total density of bosons ρ = n 1 + n 0 + n −1 are given by |iα ≡ |i n 1 n 0 n −1 = 1
First we discuss the MI phase with ρ = 1 where we find the ground state is triply degenerate and the eigenstates are linear combinations of Fock states |0 0 1 , |0 1 0 and |1 0 0 . The first excited state is |0 0 0 and is non-degenerate and its value is independent of U 2 . The ground state is coupled to this state via the annihilation of a boson, which gives rise to a hole excitation in the spectrum. The next excited states have degeneracy of six if U 2 = 0; this is partially lifted if U 2 is finite. These eigenstates are linear combinations of Fock states |1 1 0 , |1 0 1 , |0 1 1 , |2 0 0 , |0 2 0 and |0 0 2 . The ground state couples to these states via the creation of a boson; this gives rise to six-particle excitations in the spectra. These are the relevant excitations in the ρ = 1 MI phase. All the higher energy eigenstates have total boson number more than two and will not couple to the ground state through the hopping matrix and thus gives dispersionless multi-particle excitation spectra.
For ρ = 2, the ground state of the spin-1 mean-field Hamiltonian is non-degenerate in the case of U 2 > 0. However, it has a degeneracy of five and six, respectively, for U 2 < 0 and U 2 = 0. These states are linear combinations of the two-boson Fock states |0 0 2 , |0 2 0 , |2 0 0 , |0 1 1 , |1 0 1 and |1 1 0 . The ground state couples to the one-boson Fock states |1 0 0 , |0 1 0 and |0 0 1 via the hopping matrix; this yields three-hole excitations. Similarly, the ground state couples to three-boson Fock states (a total of 10 states) via the creation of bosons. All the higher excitations in the mean-field solution do not couple to the ground state through the hopping matrix; and they give rise to dispersionless multi-particle excitations.
